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Matrix Analysis

The real m X n matrices, denoted R™*", are naturally identified with a vector space of dimension mn

We define the Frobenius inner product of A, B € R™*" by

(A, B) = z AUBU = tr[ATB]

i€[m],j€[n]
The induced norm in this vector space is the Frobenius norm ||A||r = /{4, 4) = /tr[ATA]

We are particularly interested in a subspace $#*¢ c R%*?, the real symmetric matrices. The dimension
of S isd + (§) = d(d + 1)/2
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Matrix Analysis

Theorem (Spectral theorem). Let M € R%*%. Then M € $%*4 if and only if there is unitary U €
R4*¢ (UT = U~1) and diagonal A = Diag(1) € R%*% such that M = UAU', i.e., the columns of
U are the real eigenvectors and 1, = --- = A, are the real eigenvalues of M

If M, N € $S%*4 share a set of eigenvectors, i.e., simultaneously diagonalizable, then M and N commute:
[M,N] := MN — NM =0

The trace of M € $%*¢ equals to the sum of its eigenvalues: tr[M] = trf[UAUT] = tr[UTUA] = tr[A]
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Matrix Analysis: Positive Semi-definiteness

Let S5 € $9%4 denote the set of positive semi-definite matrices:
MeS{? & AN =20Vield] & v Mv=0VvveR?
M € S$%5% if and only if there exists A € R™¢ such that M = AT A for some n > 0
We can similarly define the positive definite matrices SdXd
Lemma. If M,N € S$25¢, then we have (M, N) > 0
Proof.
Let M = Y, Lu;u] and N = Y, y;v; ] be the eigendecompositions with 4;,y; = 0

(M, N) = z ﬂ.l]/] . tr[uiuiijva] = z Al]/] . (Ui,vj>2 >0
L] L]
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Matrix Analysis: Positive Semi-definiteness

The positive semi-definiteness induces a natural ordering for $2*¢ (called the Léwner order):
M>N © M-NeS{? < v'(M—N)v=0 Vv eR?

If N € S25%and M = M’, then (M, N) = (M’', N)

Conjugation rule: Let M = N and A be any matrix of the same dimension. Then
AMA' = ANAT

> Foranyv € R, vTAM-N)ATv=(AT"v)"(M-N)(A™v) >0
ForM e S¥3%andNeES™, M >N & M Y2NMY2x]

For MM(NESY 4 M>N < N 'x=M1

M = N does NOT imply M? > N?|
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Matrix Analysis: Schur complement

Schur complement

Suppose M is partitioned into 2 X 2 blocks:

If M, and M, are invertible, then the Schur complement onto the top-left block is
SC;(M) = My — M1,M;; My,
and the Schur complement onto the bottom-right block is
SC,(M) = M;, — M21MI11M12

M is positive definite if and only if SC; (M) and SC,(M) are positive definte
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Matrix Analysis: Schur complement

Why Schur complement?

1. Schur complement gives a condition to check positive definiteness (or positive semi-definiteness) using
sub-matrices, which is very useful in analyzing SDP relaxation and Sum-of-Squares hierarchy
An example can be found in Lecture 10 of my CS 593 Algorithms for Data Science (Fall 2025)

Proof of the key lemma

Claim 1. M 3= 0is equivalent to:
0<p+qg+r=3
pP+q*+r*+2(p+q+r)—-2(pq+pr+qr)<3

Schur complement:

For any symmetric matrix M of the form (1 P q o)
T
M= (1 b ) s—1 s-1
b C L
M = 0if and only if: M = s_1 s 1
q 1
7 C»0 2 2
s—1 s-1
2 (I-CcCcHb=0 Tl 5 1

3 1-bTC*h=0
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Matrix Analysis: Schur complement

Why Schur complement?

2. Cholesky decomposition can be computed via iterative Schur complements:

>  We want tocompute A = LLT

A= [all aL] _ iy O ”ln 151]
a; Aj; l,n Lyl| 0 L-zrz
- We can solve the matrix equation:
ay; = 134, Ay = L1l Ayy = lyilyy + Ly Ly, = Ly Ly, + aziaiiag,
Thus, we have L,,L), = A,, —ay;a7ia; = SC,(A)
That is, L., is the Cholesky decomposition of SC,(4) € R(d-Vx(d-1)

Particularly useful when A is the Laplacian of a graph (Kyng-Lee-Peng-Sachdeva-Spielman '16, Kyng-
Sachdeva '16)
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Matrix Analysis: Matrix Functions

For a function f: R —» R and M € $%*¢, we define the matrix function f(M) = Uf(A)UT

f(41) ' A
f(M)=U U" where M=U U’

i f(Aq)) i Aa|
exp(M), sin(M), (M — xI)™1, etc.

Spectral mapping theorem: Let f:I —» Rwith I c Rand M € $%*¢ be a matrix whose eigenvalues are
contained in I. Then, if A is an eigenvalue of M, then f(A4) is an eigenvalue of f(M)

Transfer rule: For an M € $%*¢ have all its eigenvalues lying in I c R, and for two functions f, g:I - R
such that f(x) < g(x) forallx € I. Then, f(M) < g(M)
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Matrix Analysis: Eigenvalue Inequalities

Theorem (Cauchy Interlacing Theorem). Forany M € $4*¢ and V € R**" withV'V =1,
Aa—r+xk(M) S 4, (VTMV) < 4, (M) Vk € [r]

Corollary. Forany M € $4*4 and N € $"" a principal submatrix of M,
Aag—rixk(M) < 4, (N) < 4, (M) Vk € [r]

If r = d — 1, then the eigenvalues of N interlace the eigenvalues of M

A\ A\ VAN A\ VAN A\

O\ O\
v v v v v v v v

Ag(M) Ag_1(N) Ag_1(M) As(M)  A,(N) A,(M) A, (N) A, (M)
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Matrix Analysis: Eigenvalue Inequalities

To prove the Cauchy Interlacing Theorem, we need the variational characterization of eigenvalues:

A (M) = max min v'Mv = min max v' Mv
UeR4xk vespan(U) UecRA*x(d—k+1) yespan(U)
utu=1 |vl,=1 uTu=I lvll2=1

Proof of A, (VTMV) < A,(M):
Let U € RY*¥ be the maximizer for A, (VTMV). Then A,(VTMV) = min v 'Mv

vespan(U)
lvll,=1

We have v = Uw forsomew € R¥and 1 = |[v||5 =w'UTUW =w'w = ||W||5

Thus, 2, (VTMV) = min wUTVT MVUw = min w(VO)"TM(VU)w
weRk weRk
lwll,=1 lwll,=1

Since (VU)T(VU) =U'V'VU =1,

L VTMV) < max =~ min w! NTMNw = max min v' Mv = 1,(M)
NeRaxk weRk NeRdxk vespan(N)
NTN=I lwll;=1 NTN=I |vll,=1
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Matrix Analysis: Eigenvalue Inequalities

Theorem (Weyl’s inequality). Let M, N € $%*4.
1 (M) + A,(N) < A (M + N) < A.(M) + 1,(N) Vk € [d]

Useful in perturbation analysis: let A € $%*¢ be the target matrix and E € $**¢ be an arbitrary error.
Thenz Amax(A + E) < Amax(A) + Amax(E) and Amin(A + E) > Amin(A) + Amin(E)

Lemma. Let f:1 — R be monotone nondecreasing, and let M, N € $¢*¢. Then if M < N, we have

tr[f(M)] < tr[f(N)]
Proof.

We can use the variational characterization of eigenvalues to show that
M<<N & 13WM) <A (N) Vkeld]

Thus, tr[f(M)] = Zke[d]f(ﬂk(M)) < Zke[d] f(Ak(N)) = tr[f(N)]
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Matrix Analysis: Eigenvalue Inequalities

Theorem (Weyl’s inequality). Let M, N € $%*4.
1 (M) + A,(N) < A (M + N) < A.(M) + 1,(N) Vk € [d]

Useful in perturbation analysis: let A € $%*¢ be the target matrix and E € $**¢ be an arbitrary error.
Thenz Amax(A + E) < Amax(A) + Amax(E) and Amin(A + E) > Amin(A) + Amin(E)

Lemma. Let f:1 — R be monotone nondecreasing, and let M, N € $¢*¢. Then if M < N, we have
tr[f(M)] < tr[f(N)]

It is NOT true in general that f(M) < f(N)

| T N | _[2 1
Counterexample: f(x) = x*, M = [1 1]'N - [1 1
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Matrix Analysis: Operator Inequalities

Let f:1 - Rand M, N € $%*¢ whose eigenvalues are contained in I
If f(M) < f(N) holds forany M < N, then we say f is operator monotone

ffEM+ (1 —t)N) < tf(M) + (1 —t)f(N) forany M,N € $**? and t € (0,1), then we say
f is operator convex

Theorem (Lowner-Heinz). Let f: R;, = R.
If f(x) = xP forp € |—1,0], f is operator convex and —f is operator monotone

If f(x) = xP forp € ]0,1], or f(x) =logx, f is operator monotone and operator concave

If f(x) =xP forp €[1,2], or f(x) = xlogx, f is operator convex
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Matrix Analysis: Trace Inequalities

Inequalities are sometimes tight when eigenspaces of matrices are aligned

Rearrangement inequality: forxq = -+ = x4,¥1 = -+ = y4, for any permutation g, it holds that
X1Ya t 0t XaV1 = X1Yo) T T XaVo(a) = X1Y1 T " XaqYa

For M,N € $%*¢, if they commute, then (M, N) = A; (M)A (1y(N) + -+ + 23 (M) 2,4y (N) and
AN, + o A2y < (MNY < A0, + o+ A1,

Theorem (von Neumann trace inequality). Let M, N € $%*¢ have eigendecompositions M = U -
Diag(4) - U" and N =V - Diag(4’) - V', and we assume that the {1;};c[q] and {4;};e[q; are
sorted in nonincreasing order. Then

2 Ai/lgm_is(M,N)sz A
ie[d] ield]

The upper and lower bounds respectively hold if U = V and if columns of U, V are reversed
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Matrix Analysis: Trace Inequalities

For any unitary-invariant norm ||-||y; (i.e., [IM|ly; = |lUMV ||y, for any unitaries U € R™*™, ¥ € R™™"),
it must be a function only on the eigenvalues (or singular values) of the matrix

von Neumann trace inequality shows that the maximizing arguments of (M, N) align eigenspaces. Thus,
we can apply the scalar Cauchy-Schwarz to obtain a matrix Cauchy-Schwarz inequality:

(M,N) < ||M||y; - IN]l.
where ||N||, = sup{(Z,N) : ||Z||y; < 1} is the dual norm of ||-|| y;

The Schatten-p norm [|-||,, is unitary-invariant, and its dual norm is ||-|| ; where p~* 4+ g~' = 1. And we

obtain a matrix Holder’s inequality:
(M,N) < |IMll, - lINIl,
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Matrix Analysis: Trace Inequalities

Disentangling products of matrices into portions which sort the same matrix with itself

Consider trffMNMN] for M, N € $4*¢

Applying matrix Cauchy-Schwarz inequality with the self-dual norm ||-|| z gives:
tr[MNMN] = (NM,MN) < ||[INM||z||MN||» = tr[MNNM]*/2tr[NMMN]*/? = tr[M?N?]

Lemma (Extended Lieb-Thirring Inequality, Allen-Zhu-Lee-Orecchia’16). Let M, N € S%d and a €
(0,1). Then
tr[M*NM'~*N] < tr[MN?]
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Matrix Analysis: Trace Inequalities

Lemma (Extended Lieb-Thirring Inequality, Allen-Zhu-Lee-Orecchia '16). Let M, N € S%d anda € (0,1).
Then

tr[M*NM*~%N] < tr[MN?]
Proof sketch:
Let f(a) = tr[M*NM'~*N]. We can see that f is symmetric about 1/2 in [0,1]
We claim that f(a) < (f(O) + f(Za))/Z forany a € [0,1/2]

To prove this claim, we construct two 2 X 2 block matrices A, B:

— | N —NY2pant/2] N1/2
A=|_peganiz  yuzgzagyz] T |_yuzge N2 —MEN2] 20
— - N1/2MN1/2 Nl/ZMl—aNl/Z _ N1/2M1/2 )
B = _N1/2M1—0:N1/2 N1/2M1—2aN1/2 - N1/2M1/2_“ [M1/2N1/2 M1/2 aNl/z] >0

Thus, (4, B) = 0, which implies that
wldATBl=t|’ | =f(0)-2f(@)+f(2a) 20
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Matrix Analysis: Trace Inequalities

Lemma (Extended Lieb-Thirring Inequality, Allen-Zhu-Lee-Orecchia ’16). Let M, N € S%d and a €

(0,1). Then
tr[MENM'~*N] < tr[MN?]

Theorem (Lieb-Thirring Inequality). Let M, N € S%d andp = 1. Then
tr[(MN)P] < tr[ MPN?]
By using limiting argument, it implies many powerful conclusions, such the Golden-Thompson inequality:

Theorem (Golden-Thompson Inequality). Let M, N € $%*¢. Then
trlexp(M + N)] < tr[exp(M) exp(N)]

Note that exp(M + N) # exp(M) exp(N) unless M, N commute
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Today’s Lecture

- Matrix Analysis
« Matrix Concentration

- Application: Matrix Spectral Sparsification
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Matrix Concentration

Theorem (Matrix Bernstein’s inequality). Let {Z;};c(n) € S**? be independent random matrices
satisfying E[Z;] = 04 and ||Z;|| < B. Let Z := };¢[,,) Z; and define the variance proxy v :=

|X e EIZZ][]. Then,

pefllZ|| = t] < 2d /2 vt >0
rliZll = tl = 2d exp| = =g 3 =

Theorem (Matrix Chernoff bound). Let{Z;};c[n] € S*** be independent random matrices
satisfying ||Z;|| < R with probability 1, and let Z := ;¢ Z;. Then,

Ezlumax
(2+ €)R

€21
Pr(14(Z) < (1 — ) ptmin] < d exp (— g‘;;m
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Matrix Concentration: Matrix MGF

Lemma. Let Z € S%*? be a random matrix. Then,
Pr(A,(Z) = t] < eir>1£ exp(—0t) [E[tr[exp(HZ)]]
Pr(1;(Z2) <t] < Qir<1£ exp(—0t) IE[tr[exp(HZ)]]
Proof.

We only prove the upper tail:

Pr{2,(2) = t] = Pr[exp(62,(2)) = exp(61)]
< exp(—6t) Elexp(62,(2))]
= exp(—0t) E[4,(exp(62))]
< exp(—0t) E|tr[exp(62)]]
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Matrix Concentration: Matrix MGF

Lemma. Let Z € S%*? be a random matrix. Then,
Pr(A,(Z) = t] < eir>1£ exp(—0t) [E[tr[exp(HZ)]]

Pr(1;(Z2) <t] < ggg exp(—0t) IE[tr[exp(GZ)]]

> If we follow the proof of Chernoff bound, the next step is to bound the matrix MGF:

E|tr[exp(82)]] = E [tr [exp (9 z [ ]Zi>]

> The key property for scalar MGF is the decomposition:

P [exp <ez | ]xl)] = [ ] Blexpcoxo]

> However, matrix MGF does not have such decomposition!
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Matrix Concentration: Matrix MGF

Lemma. Let Z € S%*? be a random matrix. Then,
Pr(A,(Z) = t] < Hir>1£ exp(—0t) [E[tr[exp(HZ)]]

Pr(1;(Z2) <t] < ggg exp(—0t) IE[tr[exp(GZ)]]

> If we follow the proof of Chernoff bound, the next step is to bound the matrix MGF:

)

» By Golden-Thompson inequality, trlexp(M + N)] < tr[exp(M) exp(N)]. We may hope a weaker

decomposition:
tr [exp (9 z Zl-> <tr [1_[ exp(0Z;)
i€[n] .
i€[n]

> Unfortunately, this is still false (if n = 3)!

E|tr[exp(82)]]| = E |tr
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Matrix Concentration: Matrix MGF

The matrix Chernoff bound was first proved in a guantum information paper:

IEEE TRANSACTIONS ON INFORMAITION THEORY, VOL. 48, NO. 5, MARCH 2002

Strong Converse for Identification Via Quantum
Channels

Rudolf Ahlswede and Andreas Winter

For M, N € $%%¢, define the quantum KL divergence:
D; (N||M) := tr[N(logN —logM) + M — N]

Theorem. Dy: S%5% x §$2%¢ — Ris a jointly convex function of its inputs:
Dyr(AN + (1 = DN'||AM + (1 — DM’) < AD3(N|IM) + (1 — 1) Dy (N'||M’)
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Matrix Concentration: Matrix MGF

For M, N € $%%¢, define the quantum KL divergence:
Dy (N||M) := tr[N(logN — log M) + M — N]

Theorem. Dy: S%5% x §$2%¢ — Ris a jointly convex function of its inputs:
Dy (AN + (1 — DN'||AM + (1 — )M’) < ADg(N|IM) + (1 — 1) Dy (N'|| M)

D, is the Bregman divergence with respect to the convex function H'(M) = tr[ M log M] (its convexity
follows from Lowner-Heinz)

Theorem (Lieb’s concavity theorem). For any § € $%*¢, the following is concave on $25¢:
f(X) == tr|exp(S + log X)]
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Matrix Concentration: Matrix MGF

For M, N € $%%¢, define the quantum KL divergence:
Dy (N||M) := tr[N(logN — log M) + M — N]

Theorem. Dy: S%5% x §$2%¢ — Ris a jointly convex function of its inputs:
Dy (AN + (1 — DN'||AM + (1 — )M’) < ADg(N|IM) + (1 — 1) Dy (N'|| M)

Theorem (Lieb’s concavity theorem). Forany § € S22 the following is concave on SdXd.
f(X) = tr|exp(S + log X)]

Corollary (Subadditivity of matrix MGF). Let {Z;};e[r] € S**¢ be independent random matrices

and 6 € R. Then
exp (z log [E[exp(@ZJ])]
ie[n]

: Itr [exP <H Zie[n]Zl)
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Matrix Concentration: Matrix MGF

Corollary (Subadditivity of matrix MGF). Let {Zi}ie[n] € $4*4 pe independent random matrices

and 8 € R. Then
exp (2 log ]E[exp(@ZJ])]
1€[n]

E[ (s 2)

Let Sy == Xieqi) Z; forall k € [n]

<tr

Proof.

E[tr[exp(8S,)]| = E [IE tr[exp(6(S,_1 + Zn))”Sn—l]] = E|E[tr[exp(68S,,_; + logexp(8Z,))]|Sy_1]]
(Jensen) < Eltr[exp(6S,,_; + log E[exp(8Z,)])]]
< Eltr[exp(6S,,_, + log E[exp(0Z,,_,)] + log E[exp(8Z,)])]]
< [E:tr lexp(log E[exp(6Z,)] + --- + log IE[exp(@Zn)])]]
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Matrix Concentration: Matrix MGF

Corollary (Subadditivity of matrix MGF). Let {Zi}ie[n] € $4*4 pe independent random matrices

and 8 € R. Then
exp (2 log ]E[exp(@ZJ])]
1€[n]

E[ (s 2)

Since exp(x) is monotone nondecreasing, we have
trlexp(M)] < tr[exp(N)] VM <N

<tr

Hence, we just need to upper bound log E[exp(6Z;)] foreach i € [n]
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Matrix Concentration: Matrix Bernstein

Lemma. Let Z € $S%*¢ be a random matrix satisfying E[Z] = 0, and ||Z|| < B with probability 1.

3 02 /2 2
Then, forall0 < 8 < — We have log E[exp(6Z)] < 1-56/3 IE[Z ]

Proof.

We can Taylor expand the matrix function exp(6Z):

Elexp(62)] = I + OE[Z] + ) S Bz =1+ > % Elzv)

p=2 p: p=2 p!
OP BP—2 0% 6P BP
1+Z z2]<1+—m[z2]z
p>2 2 pz() 3p
2/2
=1+ E[Z?
1—B6O/3 [2°]

Since log x is operator monotone and log(1 + x) < x, we have

0% /2 2
log E[exp(02)] < log(l + T 3/9/3 IE[ZZ]) < 1 f B/492/3 E[Z?]
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Matrix Concentration: Matrix Bernstein

Theorem (Matrix Bernstein’s inequality). Let {Z;};c[n] € S*** be independent random matrices
satisfying E[Z;] = 04 and ||Z;|| < B. Let Z := ¥, Z; and define the variance proxy v :=

”Zie[n] E|Z?]|. Then,

pefliZI| = t] < 2d t*/2 vt > 0
rlIZll = t] = 2dexp| = 5 73 =

Based on the MGF bound, the remaining proof is similar to the scalar case.

It also implies an expectation bound: E[||Z]|]] < \/21/ log(d) + %B log(d)

This result can be generalized to rectangular matrices via Hermitian dilation: for C € R%1%4z,

0 C
H(C) = [(:T O] e §ldi+dz)x(dg+d;)

)
We have $(€)% = |€¢" O | which implies that ,($(€)2) = ||C||
0 c'C
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Today’s Lecture

- Matrix Analysis
« Matrix Concentration

- Application: Matrix Spectral Sparsification
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Randomized Sparsification of a Matrix

Matrix approximation by random sampling

Let B be a target matrix represented as a sum of “simple” components:
B=Bl+BZ+”.+BN

We also need a sampling distribution p € RY

We can construct an unbiased estimator of B by:

1
R := —B; with probability p;

Pi
To improve the quality of approximation, we average n independent copies of R:
— 1 n
R, = - R, where each R, is an independent copy of R
k=1

f n < N while E[||R,, — B||| is small, then we obtain a good simple approximation of B
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Randomized Sparsification of a Matrix

Theorem (Matrix approximation by random sampling). Let B € $%*¢ be a fixed matrix. Construct
a random matrix R € $9*¢ that satisfies E[R] = B, ||R|| < L, and m,(R) = ||E[R?]||. Then, for

the matrix sampling estimator R,, = r=1 Ry, we have

2m,(R) log(d) N 2L log(d)

(IR, - Bl < |2 %

And for allt = 0,

—nt?/2 >

pe[|[R, — B|| > ] < 2d exp (mz e

April 1,2026 34



Randomized Sparsification of a Matrix

Proof sketch.
We’'ll apply matrix Bernstein’s inequality to the centered, symmetric random matrix Z:
_ 1 n ) n
Z = Rn—Bz_Z (Rk—]E[Rk) = Zk
n k=1 k=1

1Z |l < (/) IRl + IIE[R ]I < (1/n) (IR, Il + ELIR, ] < 2L /7

Variance proxy v = || X E[Z7] || = || E[Z3]]]
0 < E[Z%] = n2E[(R — E[R])?] = n"2(E[R?] — E[R]?) < n™2E[R?]

Thus, v < n-n"?m,(R) = m,(R)/n

The theorem then follows from matrix Bernstein’s inequality.
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Randomized Sparsification of a Matrix

Dense data matrix Low-rank matrix > Sparse matrix

We introduce a randomized sparsificaiton algorithm due to (Kundu-Drineas '14)

Let B € S%*? be the target symmetric matrix, which can be expressed as a sum of its entries:

. 1
B = zisj b;j(E;j + Ej;), where b;; = B;j fori # jand b;; := EBii

We introduce the sampling probabilities:

2
|bij| |bij| <2|bii|2 |b;;] )
jj = + Vi<i<j<d and p; = +
Py (IIBH% IBIl,, J Pi =\ 1z 18I,

Then, R = p;;* - b;;(E;; + Ej;) € S**® with probability p;; is an unbiased estimator of B
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Randomized Sparsification of a Matrix

Theorem (Kundu-Drineas ’14). Let R,, := % =1 Ri. Then, we have
— 4||B||2dlogd 4||B||,, logd
B[R, — Bl < [FOBe y S
\ n n

Proof.

To obtain this error bound, we’ll apply Matrix approximation by random sampling theorem, which needs
the uniform upper bound ||R|| and the second-moment m,(R)

We first note two lower bounds on the sampling probabilities p;;:
2

2|b;; |
2 , 2 or 2
Py =1BIl,, Pl =1BIIZ Pi =1BJI2

For the uniform upper bound, [|RIl < maxp;;* - |b;;| - || Ei; + Eji|| < 2IIBll,,
i<j
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Randomized Sparsification of a Matrix

For the second-moment m,(R), we have

EIR?] = ), Py b5 (Ey + E;)” Py

L=
=Z- pUl bz(Eu+EU)+4z p;' - biE
1<

<|IBIIZ- (Z (Ey + Ejj) + ZZ u)
= ||BI|% - ((d — 1)2_51'1' + ZE_Eii) =(d+DIBIf-I

By the matrix sampling theorem,

— 2m.,(R) log(d) 2Llog(d 2||B||2(d + 1) logd 4||B||,. logd
IE[”Rn —B”] < 2(R) log(d) + g(d) _ |Bl|%( ) log N 2, 108
n 3n n 3n
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Randomized Sparsification of a Matrix

1

Theorem (Kundu-Drineas '14). Let R, := - w=1 Rx. Then, we have

4||B||%2d log d . 4||B||,, logd
n 3n

E[||R, — BJ]] <

\
Note that || Bll,, = ¥; ;|Bi;| < dlIBll

Thus, we obtain a relative-error bound:

E[|R, — B||| /IBIlF\ [4dlogd 4dlogd
< = <
1Bl IBI] n 3n ‘

2
We define the stable rank srank(B) = 'l';'l'lg < rank(B)

Thus, it suffices to take n = €72 - srank(B) - d log d to obtain an e-spectral sparsifier of B
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Randomized Sparsification of a Matrix

The more recent work (Braverman-Krauthgamer-Krishnan-Sapir “21) improves the sparsity from
O(e~?%srank(B)d)

to

O (e‘zsrank(B)ns(B) + e~1/srank(B)ns(B) d)
where ns(a) = min{k >0:|lall; < \/Ellallz} is the numerical sparsity of a vector a and ns(B) is defined

as the maximum numerical sparsity of any of its rows and columns
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More about Spectral Sparsification

There are many other forms of spectral sparsification

The most important one is the graph sparsificaiton, where the target matrix is the Laplacian of a graph
L; := D; — A; (Spielman-Teng '04, Spielman-Teng '11, Batson-Spielman-Srivastava "14, Allen-Zhu-Liao-
Orecchia '15, Marcus-Spielman-Srivastava '15, Lee-Sun '17)

Some “modern” spectral sparsification problems include:
Metric graphs and kernel graphs (Quanrud ’'21)

Hypergraph sparsification (Lee '23)

Sum of norms (Jambulapati-Lee-Liu-Sidford '23)
Generalized linear models (Jambulapati-Lee-Liu-Sidford '24)

Cayley graph (Khanna-Putterman-Sudan ’24, Hsieh-Lee-Mohanty-Putterman-Zhang ’25)

v Vv Vv VY ¥V V¥V

Sum of PSD matrices (Basu-Kothari-Liu-Meka '26)
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